
MWAVE 
Scientific Description 

 
Background 

 Mountain waves develop as air flows over a mountain in a stably stratified 

atmosphere. Since buoyancy is the restoring force, mountain waves are gravity 

waves. Once generated, these waves can propagate both horizontally and vertically 

because there is no sharp density boundary in the atmosphere. If a vertically-

propagating wave’s amplitude is high enough, the streamline slope may become 

zero (vertical) or even negative (overturning). Wave breaking may result in very 

strong turbulence. Only pilot reports of turbulence in thunderstorms match the 

severity of those sometimes reported in mountain waves. 

 Linear theory of hydrostatic gravity waves describes the conditions when a 

wave will become nonlinear and break. MWAVE applies this theory to numerical 

model forecast data. A non-dimensional number that measures the wave’s 

nonlinearity in uniform stability and wind with height is  �  = Nh/U, where N is the 

Brunt-Vaisala frequency, h is the height of a symmetric mountain from base to peak 

over which the air flows, and U is the wind speed. This number is an inverse Froude 

number. When �  > 1, the wave becomes nonlinear and breaks. Real atmospheres 

have variable stabilities and winds with height which changes the non-dimensional 

amplitude. Breaking waves at lower altitudes may become non-breaking aloft, and 

stable waves may become breaking with height. Certain special conditions may 

enhance a wave’s amplitude so it acts like an internal hydraulic jump. In other 

special conditions waves may reflect and resonate. 

 An analysis of wave breaking yields little information about its intensity. 

However, the wave’s drag on the atmosphere is a measure of its intensity and is 

proportional to the product of the mountain height and the mountain top wind speed 



and stability. It is constant with height assuming no sources or sinks of wave energy 

exist aloft. When wave drag is high and wave breaking potential low, aircraft often 

ride the mountain wave’s strong up-and-downdrafts with little turbulence. 

Therefore, it is the combination of high wave breaking potential and high wave drag 

that is the serious problem for aviation.  

 MWAVE combines wave breaking potential and wave drag into a “breaking 

wave drag,” the drag only when wave breaking is sufficiently high. Inputs are terrain 

asymmetry and concavity as determined from a detailed worldwide terrain database, 

and vertical profiles of wind and stability. The magnitude of the breaking wave drag 

is proportional to turbulence intensity. 

The MWAVE algorithm 

a. Computing the mountain height 

 The mountain height, h, used in the theoretical formulae for wave breaking 

and wave drag have been derived assuming an isolated bell-shaped symmetric 

mountain above level terrain. Obviously, actual terrain is not ideally-shaped as in the 

theoretical development. Therefore, the goal is to obtain a representative "mountain 

height" that is equivalent to the “ideal” height so one can input it into the “ideal” 

equations.  

 There are three observations from the theory that allow one to find an 

equivalent mountain height. First, given a particular atmospheric structure of 

stability and wind, the higher the mountain height, the higher both the wave 

breaking potential and wave drag become. Second, asymmetric mountains with the 

mountain top wind blowing downslope to an elevation lower than that on the 

upslope side (negative asymmetry) have higher wave breaking potential and wave 

drag than symmetric mountains (zero asymmetry) or asymmetric mountains with an 

opposite shape with respect to the wind (positive asymmetry). It is logical to assume 

that the equivalent symmetric height of an asymmetric mountain is a function of its 



asymmetry, i.e. a negative (positive) asymmetric mountain is “higher” (“lower”) 

than its actual level above flat terrain. Third, Kim and Arakawa (1995) found that 

the mountain’s pointedness, as measured by the subgrid concavity, also influenced 

the wave drag; the more upwardly-pointed the mountain, the higher the drag. 

Another way to visualize this effect is that narrower mountains have more wave 

drag than wider mountains with identical heights. 

 Guided by Kim and Arakawa (1995), a worldwide terrain database at 1/8 

degree latitude/longitude resolution (about 12 km) provides enough elevation data to 

compute asymmetry and concavity. Recognizing that for any given case, the 

mountain top wind direction plays an important role in determining h, asymmetry 

and concavity were computed along both the x-direction and the y-direction at one 

quarter degree resolution (about 25 km). An "asymmetry height" at any grid point, i, 

is defined as the negative elevation change along the positive x(y)-direction or ha = 

-(zi+1 – zi-1) where the subscripted z is the mean elevation along the x- or y-direction 

at each grid point at the quarter degree resolution. A "concavity height" is defined as 

the negative change of the elevation change along the positive x(y)-direction or 

simply hc = -(zi+1 + zi-1 – 2zi). The simple sum (ha + hc), depending on wind 

direction (See below.), gives very good "mountain heights." The quarter degree 

resolution corresponds well with a 10 km half-width mountain on which most of the 

mountain wave research has been based. 

 The results are five fixed grids of terrain statistics at one quarter 

latitude/longitude resolution. The first is a grid of the mean elevation at each grid 

point. There are two grids of asymmetric heights, one each in the x- and y- 

directions, and two grids of concavity heights, one each in the x- and y- directions. 

The terrain input grids only need to be computed once. 

 MWAVE produces results for the grid points on the fixed one quarter degree 

resolution grids. Therefore, the model grids need to be interpolated to the terrain 



grid.  This is an important step for two reasons. First, the wind direction determines 

the asymmetry height. What is positive asymmetry for one wind direction is 

negative asymmetry for the opposite direction. Second, model grid resolutions vary 

from model to model. If MWAVE were computed on a model’s grid, then the 

important terrain statistics would have to be computed for every model on which 

one wanted to run MWAVE. Furthermore, when a model’s resolution is changed, as 

they sometimes do, one would have to recompute the terrain statistics. 

 Automated calculation of h on the terrain grid is a three step process. First, 

the first pressure level above the sum of the terrain elevation (zi) and the asymmetry 

height (ha) becomes the "mountain top." The horizontal wind in that layer is the 

wind that flows over the "mountain" at that point. Second, the mountain height, h is 

computed using the formula 
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where the second subscripts indicate ha and hc in the x(y)-direction, u(v) is the x(y)-

component of the mountain top wind and V is the mountain top vector wind. Note 

that the concavity height contribution along the x(y)-direction is the same whether 

u(v) is positive or negative. If h < 0, then the height is set to zero. This formula yields 

large mountain "heights" slightly downwind from the actual mountain peaks, the 

location where mountain waves typically are the strongest. 

 Third, the height is adjusted downward for blocking  
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where N0 is the stability at the mountain top as measured by the Brunt-Väisälä 

frequency and U0 is the wind speed at the mountain top. 

b. Computing breaking wave drag 

 At every model grid point and between every model level, MWAVE computes 

a non-dimensional wave amplitude that accounts for varying stability and wind with 

height (McFarlane 1987), 
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where �  is the air density; the zero subscripts indicate evaluation at mountain top 

level, and the z subscripts indicate evaluation at any layer aloft above sea level. The 

number, â, indicates how the initial wave amplitude, � , changes with height as it 

propagates upward. 

 As waves steepen high enough to become turbulent, wave energy is converted 

to turbulent energy, and the wave energy available for turbulence production in 

layers aloft is reduced. MWAVE accounts for this effect by McFarlane’s (1987) 

wave saturation method. Figure 1 shows a vertical profile of the local non-

dimensional amplitude number as computed from a hypothetical sounding. At level 

Z
1
, â increases to greater than one, the threshold for wave breaking. At level Z2, â 

begins to decrease. At levels above Z2, â is reduced by dividing by â at level Z2. The 

net effect reduces â between Z2 and Z3 to less than one from values greater than one. 

Above level Z3, wave breaking returns but at a reduced rate. 

  

Figure 1. Schematic vertical structure of the non-dimensional amplitude number, â, from a hypothetical 
sounding illustrating regions of wave breaking and saturation. (From McFarlane 1987). 



MWAVE also accounts for partial wave saturation due to the turning of the 

wind direction with height by reducing â by multiplying by cos
2
(� z- � 0), where � z is 

the wind direction at any level and � 0 is the wind direction at the mountain top 

(Shutts 1995). If the veering or backing is greater than 90 degrees, then â = 0.  

 Wave steepening may be enhanced in the low levels as the wave encounters 

conditions favorable for hydraulic jump-like behavior. MWAVE searches for a 

maximum in â below the highest level at which Smith's (1985) theory supports 

hydraulic jump-like flow. At all levels below the âmax height, â = âmax..  

 The other major influence on mountain waves is reflection and the possible 

resonance interaction of the reflected waves with the original wave. Wave reflection 

occurs when the refractive index changes rapidly as the wave propagates through it, 

i.e. when there is â-layering (vertical changes in â). If âU > âL, where the subscripts 

U and L indicate evaluation at an upper and a lower level, then vertical waves are 

reflected. Wave resonance occurs when the reflected wave constructively interferes 

with the original wave (Peltier and Clark 1979). When the reflection level is three-

fourths the vertical wavelength of the mountain wave (0.75� , where �  = 2� U0N0
-1) 

(and at [n +.75]� , n=1,2,3,...), the resonance is maximized. If âup is the local non-

dimensional amplitude number of the upward-propagating wave, and âdown is the 

portion of the upward wave reflected downward from the optimum level (0.75� ), 

then when âres = (âup + âdown) becomes high enough, waves constructively interfere 

with each other to create wave breaking even if both âup and âdown are relatively 

small.  

 Linear mountain wave drag for a bell-shaped mountain with constant stability 

and wind aloft, DL, is given by Miles and Huppert (1969) 
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This equation yields answers in pressure units. The linear wave drag, in any layer 

aloft is equal to that at the surface through the Eliassen-Palm (1960) theorem 

assuming no sources or sinks of wave energy exist aloft. This means that DL in any 

layer may be evaluated from surface values.  

 Nonlinear effects from wave steepening increase the wave drag. Miles and 

Huppert (1969) derived a formula from which nonlinear amplification can be 

estimated.   
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Since it is the combination of high wave breaking potential and high wave drag that 

is the serious problem for aviation, MWAVE computes a breaking wave drag.  

A mountain wave may not be breaking (â > 1) but still produce turbulence. 

Mountain waves locally modify the environmental Richardson number 

2

�
�

�
�
�

�

Q
Qº

dz
d

dz
dg

RiE
V

    

(g is the acceleration of gravity; �  is the potential temperature; and V is the wind 

velocity)  as described in Dunkerton (1997): 
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where Rimw is the mountain wave modified Richardson number and �  is the mountain 

wave phase angle. The transcendental functional relationship of �  indicates that the 

mountain wave increases and decreases the environmental Richardson number. 

Turbulence occurs when the modified Richardson number is less than 0.25 (Miles 

and Howard 1964).  
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Figure 2. Curve showing the approximate thresholds for environmental Richardson number and non-
dimensional amplitude (â < 1) for Rimw < 0.25. 
 



The mountain wave modified Richardson number may be evaluated whenever 

â and RiE are known. Recalling that waves break when â > 1, the numerator will be 

less than 0.25 (actually less than zero) when â > 1 for some � /2 < �  < 3� /2  

(cos �  < 0). Thus, a portion of the wave, when breaking, will be turbulent. However, 

the denominator may be sufficiently large even when â < 1 for Rimw to be less than 

0.25. The lower the RiE, the lower the threshold for â for turbulence production. 

Figure 2 shows the approximate curve.  

Since it the combination of high wave breaking potential and high wave drag 

that is the serious problem for aviation, when â is high enough for turbulence to 

occur, the breaking wave drag (DB) is the wave drag computed from the nonlinear 

amplification equation. Otherwise DB = 0.  

Operational interpretation 

 MWAVE outputs grids of breaking wave drag in horizontal layers which, 

when mapped, readily show where intense mountain waves are possibly causing 

turbulence. Figure 3 is an example. In this case MWAVE diagnosed high wave drag 

from the Rapid Update Cycle (RUC) model soundings over central California on 27 

October 1996. There were seven pilot reports of greater than moderate turbulence in 

the six hours from 1800 UTC to 0000 UTC along the Tahoe Valley (TVL)-

Sacramento (SAC) corridor below FL120. There were no pilot reports further to the 

southeast where the maximum was located. An MWAVE profile at the point along 



the corridor shows where breaking pressure drag was maximized (Figure 4). The 

figure includes profiles of wind speed and stability as well as breaking pressure drag. 

Note that the 650 mb level (about FL120) was the highest level at which MWAVE 

had a 3 mb wave drag. There were no pilot reports from above the 250 mb level 

where the breaking pressure drag became positive again.  

 

 
 
Figure 3. MWAVE breaking wave drag diagnosis over central California from the Rapid Update Cycle 
(RUC) numerical model run at 2100 UTC 27 October 1996. The weather stations at Tahoe Valley (TVL) and 
Sacramento (SAC), both in California are located. Units of breaking pressure drag are mb. Background map 
is the terrain elevation. 



 

 

 

Figure 4. Vertical profile of MWAVE input and output at 39N 120.5W at 2100 UTC 27 October 
1996, the point between TVL and SAC where MWAVE breaking pressure drag was maximum. 
The solid line is the breaking pressure drag (abscissa on bottom).  The breaking pressure drag 
goes to zero just below the 600 mb level and returns to positive about 250 mb. The short dash 
line is the wind speed; the long dash line is the stability (abscissa on top). The wind direction at 
each level is indicated in a vertical series of vectors on the profile’s right. Wind directions are 
primarily northeasterly. 
 



 

MWAVE was validated in two studies. First, one hundred aircraft estimates of 

turbulence at various altitudes for 17 different mountain waves were compared with 

MWAVE breaking wave drag computations at those altitudes. Nine of these waves 

were observed by research aircraft and were supplemented by other pilot reports in 

known or suspected mountain waves. These seventeen mountain waves represent the 

entire spectrum of wave intensities ranging from very light to very strong.  

 

Intensity 0.0 0.0-2.0 2.0-4.0 4.0-6.0 >6.0 Total 

SMOOTH 17 5 0 0 0 22 

LIGHT 7 16 1 0 0 24 

LGT-MOD 2 11 1 1 0 15 

MODERATE 2 8 2 1 0 13 

MOD-SEV 0 2 4 5 0 11 

SEVERE 0 0 1 4 10 15 

Total 28 42 9 11 10 100 



 The maximum reported turbulence intensities at each pressure level within 6 

hours of the sounding time were arranged in a 6 × 5 contingency table above with 

MWAVE breaking wave drag ranges (in millibars). Only one wave had turbulence 

reported at all levels. More typical is turbulence at some levels and no turbulence at 

others. MWAVE was able to discern which levels were turbulent as can be seen by 

the diagonal distribution of reports in the table. The Chi-Square test statistic for 

dependence of the data (Conover, 1971) in this contingency table is 136.02, which 

compares with a value of 45.32 for a .999 significance with 20 degrees of freedom. 

Breaking Wave 

Drag (mb) 

LIGHT LGT-

MOD 

MODERATE MOD-

SEV 

SEVERE 

0.0 .807 .671    

0.5 .735 .635    

1.0 .725 .652 .447   

1.5  .589 .516   

2.0  .518 .614   

2.5   .591 .719  

3.0   .545 .766  

3.5    .750  

4.0    .679 .636 

4.5     .667 

5.0     .722 

5.5     .706 

6.0     .667 



  What thresholds can a forecaster use to determine when turbulence of a 

particular intensity will begin? The large contingency table was reduced to various 2 

× 2 contingency tables to discover thresholds for turbulence intensities. The bold 

Critical Success Index in the next table maximizes at higher wave drag for each 

increase in the turbulence intensity.  

 

 In the second study, all aircraft turbulence reports in a ten day period (1-10 

January 1989) within 60 nautical miles of 40N 105.5W, were compared with 

MWAVE breaking wave drag computed from the Denver CO (DEN) sounding. This 

was a known period of intense downslope winds in the DEN area. The above table 

shows the 2 × 2 contingency table for this period. Although the Probability of 

Detection is rather low, mountain waves are just one turbulence source, and other 

turbulence sources probably account for a substantial percentage of the misses. The 

low False Alarm Rate indicates MWAVE forecasts are quite reliable. 
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